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A SIMPLE PROOF THAT THE Lp-DIAMETER OF Diff0(S, area)
IS INFINITE.
MICHAŁ MARCINKOWSKI
Abstract. We give a simple proof that the Lp-diameter of the group of area
preserving diffeomorphisms isotopic to the identity of a compact surface is
infinite.
1. Introduction
Let (M, g) be a Riemannian manifold and let µ be the measure induced by the met-
ric g. By Diff0(M,µ) we denote the group of all diffeomorphisms of M preserving
µ and isotopic to the identity.
In [6] A. Shnirelman showed that L2-diameter of Diff0(M,µ) is finite if M is an
n > 2 dimensional cube (see as well [7]). The same holds true not only for cubes,
but as well for all simply connected n > 2 dimensional manifolds.
In dimension 2 the situation is different. For simplicity, let us restrict the discussion
to orientable compact surfaces. Eliashberg and Ratiu [4] proved that Lp-diameter
for p ≥ 1 of Diff0(S, area) is infinite if S is a surface with boundary. They show
that the Calabi homomorphism is Lipschitz with respect to the Lp-norm. Later
Gambaudo and Lagrange [5] obtained a similar result for huge class of quasimor-
phisms on Diff0(S, area) if S is the closed disc. Their proof make use of the braid
group of the disc and intersection numbers.
If S is a closed hyperbolic surface, it is relatively easy to show that Lp-diameter for
p ≥ 1 of Diff0(S, area) is infinite (see [2, Theorem 1.2]). In the case of torus one
need to know in addition, that the group of hamiltonian diffeomorphisms of the
torus is simply connected, which is a non-trivial result from symplectic topology
(see [3, Appendix A]).
The last case which was left was the sphere, and it was showed recently by Bran-
denbursky and Shelukhin [3] that in this case the diameter is as well infinite, and
moreover Diff0(S, area) contains quasi-isometrically embedded right-angled Artin
groups and Rm for each natural m. Their arguments use ideas from [5], however,
using intersection numbers in the case of the sphere is not that straightforward and
requires considerably more work.
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In this paper we give a simpler proof that Lp-diameter for p ≥ 1 of Diff0(S, area) is
infinite. Our argument works for any compact surface S (with boundary or not).
The main simplification comes from the fact that instead of using the braid group
and intersection numbers, we directly look at the geometry of the configuration
space Cn(S) with a blown-up metric described in Section 3. The second step is to
show inequality 4.2 which relates Lp-norm of f ∈ Diff0(S, area) to a certain norm
(defined using this blown-up metric) of the diffeomorphism on Cn(S) induced by f .
This inequality is in spirit similar to the one obtained for the disc in [5].
2. The Lp metric
Let S be a surface with a Riemannian metric. Suppose f ∈ Diff0(S, area) and let
X : S → TS be a map to a tangent space of S such that X(x) ∈ Tf(x)S. One can
think of X as a tangent vector to Diff0(S, area) at the point f . The Lp norm of X
is defined by
Lp(X) =
(∫
S
|X(x)|pdx
) 1
p
.
Let ft ∈ Diff0(S, area), t ∈ [0, 1], be a smooth isotopy, i.e., it is a smooth map
S × [0, 1] → S (we always assume that isotopies are smooth). Its Lp length is
defined by the formula
Lp({ft}) =
∫ 1
0
Lp(f˙t)dt,
where f˙t(x) =
d
ds
fs(x)|s=t ∈ Tft(x)S. Note that if p = 1, then
∫ 1
0
|f˙t(x)|dt is the
length of the path ft(x), thus L1({ft}) can be interpreted as the average of the
lengths of all possible paths ft(x).
Let f ∈ Diff0(S, area), we define the Lp-norm of f by
Lp(f) = inf Lp({ft}),
where the infimum is taken over all smooth isotopies ft ∈ Diff0(S, area) connecting
the identity on S with f .
The Lp-diameter of Diff0(S, area) equals
sup{Lp(f) : f ∈ Diff0(S, area)}.
It is worth to add, that geodesics in Diff0(S, area) with L2-metric, i.e., paths {ft}
that minimize L2({ft}) when the endpoints f0 and f1 are fixed, are solutions of
the Euler equations of incompressible fluid. For more on the connection between
L2-metric and hydrodynamics see [1].
3. Blowing up the metric
Let (X, g) be a compact Riemannian manifold and let D = ∪ki=1Di, where Di are
compact submanifolds of X. For x ∈ X , by d(x) we denote the distance of x to D,
i.e.,
d(x) = dg(x,D) = min{dg(x,Di) : i = 1, . . . , k},
where dg is the metric on X induced by g.
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It might happen that even if π1(X−D) is infinite, the universal cover of (X−D, g)
with the pulled-back Riemannian metric has finite diameter. E.g, if X is a 2-
dimensional flat disc of diameter 1 and D = {p} is a single point in X , then every
based loop in X−D is homotopic to a loop of length less then 2. Thus the universal
cover has diameter at most 2. The same phenomenon occurs when X −D is the
configuration space of n distinct points on a surface, the space we focus on in the
second part of this note.
To avoid this, we blow up g by rescaling it by 1
d
, i.e., we define a new Riemannian
metric gb on X −D by:
|v|gb =
|v|g
d(x)
,
where v ∈ Tx(X −D) is a vector tangent to a point x ∈ X −D.
Lemma 3.1. X −D with the metric gb is complete.
Proof. Let Y = X −D. To show completeness it amounts to show, that for each
x ∈ Y the ball BY (x, 12 ) is compact. Indeed, let {yi}i be a Cauchy sequence in Y .
There exists n ∈ N such that {yi}i>n is contained in BY (yn, 12 ). Since BY (yn, 12 )
is compact, {yi}i converges and Y is complete.
Let x ∈ Y . We show that the distance of BY (x, 12 ) to D is at least d(x)2 , i.e.,
BY (x,
1
2
) ⊂ L := {y ∈ Y | d(y) ≥ d(x)
2
}.
Since L is compact, it follows that BY (x,
1
2 ) is compact.
Suppose y ∈ BY (x, 12 ) and d(y) < d(x) (otherwise obviously y ∈ L). Let ǫ > 0 and
let γ : [0, l] → Y be a geodecis with respect to gb connecting x with y such that
l < 12 + ǫ. Let
t0 = sup{t ∈ [0, l] : d(γ(t)) ≥ d(x)},
i.e., t0 is the last time when d(γ(t0)) = d(x). Since γ is a geodesic, we have
|γ˙(t)|gb = 1 and therefore
|γ˙(t)|g = d(γ(t)) ≤ d(x) if t ≥ t0.
Let γ′ be the restriction of γ to the interval [t0, l]. The length of γ′ in the metric g
is at most
(l − t0)d(x) ≤ (1
2
+ ǫ)d(x).
Therefore the distance of y to D in g is at least
d(γ(t0))− lengthg(γ′) ≥ d(x) − (1
2
+ ǫ)d(x).
Since ǫ is arbitrarily small, y ∈ L and BY (x, 12 ) ⊂ L.

Lemma 3.2. Let X be a complete Riemannian manifold. Suppose that p : Y → X
is an infinite cover of X. Then for every x ∈ X, the pre-image p−1(x) has infinite
diameter.
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Proof. Let x ∈ X and let y ∈ Y be any point. Since X is complete, so is Y .
Therefore for every r the closed ball B(y, r) ⊂ Y is compact. Since the pre-image
p−1(x) is discrete, p−1(x) ∩ B(y, r) is finite for every r. Hence p−1(x) has infinite
diameter.

The following corollary follows immediately from Lemma 3.1 and Lemma 3.2.
Corollary 3.3. Every infinite cover of (X−D, gb) has infinite diameter. Moreover,
pre-images of points have infinite diameter.
4. The inequality
We now focus on the particular case where X − D is a configuration space. Let
(S, g) be a compact Riemannian surface of area 1 and gn be the product metric
on Sn. Let Dij = {x ∈ Sn : xi = xj}. Denote by Cn(S) = Sn − ∪i,jDij the
configuration space of n points in S. On Sn and Cn(S) we consider the measure
induced by the product metric gn.
We shall now find a formula for dgn(x,Dij) in terms of the metric on S. Let
x = (x1, . . . , xn) ∈ Sn and let m be the midpoint of a geodesic connecting xi with
xj . If we start moving points xi and xj towardsm with speed one, we get a geodesic
in Sn connecting x with a point in Dij . Since dg(m,xi) = dg(m,xj) =
1
2dg(xi, xj)
and we are in the product metric, we get
dgn(x,Dij) =
√
dg(m,xi)2 + dg(m,xj)2 =
1√
2
dg(xi, xj).
The distance function d has the form
d(x) =
1√
2
min{dg(xi, xj) : 1 ≤ i < j ≤ n}.
Let gb = (g
n)b be the metric on Cn(S) as defined in the previous section, namely
|v|gb = |v|gnd(x) , where v ∈ Tx(Cn(S)).
Let us fix a point p ∈ S and let x = (x1, . . . , xn−1) ∈ Sn−1. Then (p, x) ∈ Sn and
d((p, x)) is the minimum over 1√
2
dg(p, xi) for 1 ≤ i ≤ n − 1 and 1√2dg(xi, xj) for
1 ≤ i < j ≤ n− 1.
We need the following technical lemma:
Lemma 4.1. There exists C such that for every p ∈ S, we have
∫
Sn−1
1
d((p, x))
dx ≤ C.
Proof. It can be easily seen using polar coordinates, that there exists C′ such that
for every p ∈ D2, where D2 is the euclidean disc, we have∫
D
1
|p− x|dx < C
′.
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Since such C′ exists for a disc, we have as well a bound for every surface S, i.e., for
every p ∈ S we have: ∫
S
1
dg(p, x)
dx < C′.
After integrating over all possible p ∈ S we have:∫
S2
1
dg(p, x)
dpdx < C′.
Let x = (x1, . . . , xn−1). Since d((p, x)) is the minimum over 1√2dg(p, xi) for i =
1, . . . , n− 1 and 1√
2
dg(xi, xj) for 1 ≤ i < j ≤ n− 1, we have that:
1
d((p, x))
≤
∑
i
√
2
dg(p, xi)
+
∑
i6=j
√
2
dg(xi, xj)
.
Thus ∫
Sn−1
1
d((p, x))
dx ≤
≤
∑
i
∫
Sn−1
√
2
dg(p, xi)
dx+
∑
i6=j
∫
Sn−1
√
2
dg(xi, xj)
dx =
= (n− 1)
∫
S
√
2
dg(p, x)
dx +
n(n− 1)
2
∫
S2
√
2
dg(x1, x2)
dx1dx2 ≤
≤
√
2(n− 1)C′ + n(n− 1)√
2
C′ =: C.

Let f ∈ Diff0(S, area). Slightly abusing the notation, for x = (x1, . . . , xn) ∈ Sn we
write f(x) = (f(x1), . . . , f(xn)). Note that f seen as a map on S
n preserves the
product measure given by gn. Let X : S → TS such that X(x) ∈ Tf(x)S. Analo-
gously we write X(x) = (X(x1), . . . , X(xn)) ∈ Tf(x)Sn for x = (x1, . . . , xn) ∈ Sn
The following inequality provides a link between L1-norm of a map X and the
metric gb. Note that in the proof of this inequality it is essential that f preserves
the area on S (it is the only place where we use this assumption).
Lemma 4.2. There exists C such that for every f ∈ Diff0(S, area) and every map
X : S → TS such that X(x) ∈ Tf(x)S we have:∫
Sn
|X(x)|gbdx ≤ CL1(X).
Proof. Let us first note, that |X(x)|gb is not well defined if x ∈ ∪i,jDij , but the set
∪i,jDij ⊂ Sn has measure 0. Thus we can regard |X(x)|gb as a measurable function
on Sn (and this is why we can integrate it over Sn).
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∫
Sn
|X(x)|gbdx =
∫
Sn
√
|X(x1)|2g + . . .+ |X(xn)|2g
d(f(x))
dx
≤
∫
Sn
|X(x1)|g + . . .+ |X(xn)|g
d(f(x))
dx
= n
∫
Sn
|X(x1)|g
d(f(x))
dx.
Since f preserves the measure on Sn, we have
∫
Sn
|X(x1)|g
d(f(x))
dx =
∫
Sn
|X ◦ f−1(x1)|g
d(x)
dx
=
∫
S
|X ◦ f−1(x1)|g
( ∫
Sn−1
1
d(x1, x)
dx
)
dx1
≤ C
∫
S
|X ◦ f−1(x)|gdx Lemma 4.1
= C
∫
S
|X(x)|gdx
= CL1(X).

5. Proof of the theorem
Before the proof we need to recall one standard lemma.
Lemma 5.1. Let X be a topological space and Z < π1(X) be the center of π1(X).
Let Y be the cover of X associated to Z. Suppose F is a homeomorphism of X
isotopic to the identity IdX and let ft and gt, t ∈ [0, 1], be two isotopies connecting
IdX with F . Let g˜t and f˜t be lifts of these isotopies to Y such that g˜0 = f˜0. Then
g˜1 = f˜1.
Proof. Let ht, t ∈ [0, 1], be the concatenation of the isotopies ft and g1−t, i.e.,
ht =
{
f2t t ∈ [0, 12 ],
g2(1−t) t ∈ [ 12 , 1].
Then h0 = h1 = IdX . It amounts to show, that for each x ∈ X the loop ht(x) is
in the center of π1(X, x). Let γs, s ∈ [0, 1], be any loop based at x. Consider the
map φ : S1×S1 → X given by (t, s)→ ht(γs), where S1 = [0, 1]/0∼1. We have that
φ(t, 0) = ht(x) and φ(0, s) = γs. Thus loops ht(x) and γs are in the image of the
torus S1 × S1, therefore they commute. 
Theorem 1. Let S be a compact surface (with or without a boundary). The Lp-
diameter of Diff0(S, area) is infinite for every p ≥ 1.
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Proof. By Hölder inequality we can assume p = 1. Let z = (z1, . . . , zn) ∈ Cn(S)
and denote the pure braid group on n strings by Pn(S) = π1(Cn(S), z). Recall
that on Cn(S) we consider the blown-up metric gb. Let Z < Pn(S) be the center
and Y be the normal cover associated to Z. Assume that n > 3, then the deck-
transformation group H = Pn(S)/Z is infinite. Fix z
′ ∈ Y in the pre-image of
z.
Suppose Ui ⊂ S are disjoint discs such that zi ∈ Ui. Let U = U1 × U2 . . . × Un ⊂
Cn(S) and let U˜ ≈ U be the lift of U to Y containing z′.
Let ft ∈ Diff0(S, area), t ∈ [0, 1], be an isotopy. Denote by Ft the diffeomorphism
of Cn(S) defined by
Ft(x) = (ft(x1), . . . , ft(xn)), for x = (x1, . . . , xn) ∈ Cn(S).
Let F˜t be the lift of Ft satisfying F˜0 = IdY . For a given γ ∈ H we can choose ft
such that:
(1) f0 = IdS ,
(2) f1 is the identity on U1 ∪ U2 ∪ . . . ∪ Un,
(3) F˜1(x) = γx for every x ∈ U˜ .
In other words, for every x = (x1, . . . , xn) ∈ U , the subset
{(ft(xi), t) : t ∈ [0, 1], 1 ≤ i ≤ n} ⊂ S × [0, 1],
represents the braid γ ∈ H .
Denote fγ := f1. We shall show that L1(fγ) is large if dY (z
′, γz′) is large, where
dY is the distance in Y defined by the Riemannian metric pulled-back from gb.
Let ht ∈ Diff0(S, area) be any isotopy between IdS and fγ . By Ht we denote the
diffeomorphism of Cn(S) defined by
Ht(x) = (ht(x1), . . . , ht(xn)) for x = (x1, . . . , xn) ∈ Cn(S).
Let H˜t be the lift to Y such that H˜0 = IdY . Then H˜1 = F˜1 by Lemma 5.1. Thus
for every x ∈ U˜ , H˜t(x) connects x with γx.
The length of H˜t(x) in the metric on Y pulled-back from gb equals
∫ 1
0
|H˙t(x)|gb ,
where H˙t(x) =
d
ds
Hs(x)|s=t ∈ THt(x)Cn(S).
Thus for every x ∈ U we have∫ 1
0
|H˙t(x)|gbdt ≥ dY (x, γx) ≥ dY (z′, γz′)− 2diam(U˜) =: Dγ ,
Note that Ht preserves the product measure on S
n (Ht is defined only on Cn(S),
but since Cn(S) is a full measure subset of S
n, we can regard Ht as a measurable
map on Sn). Moreover
H˙t(x) = (h˙t(x1), . . . , h˙t(xn)).
We have:
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area(U)Dγ ≤
∫
Sn
∫ 1
0
|H˙t(x)|gbdtdx
=
∫ 1
0
∫
Sn
|H˙t(x)|gbdxdt
≤ C
∫ 1
0
L1(h˙t)dt Lemma 4.2
Since ht was arbitrary, we have area(U)Dγ ≤ CL1(fγ). By Corollary 3.3, the
orbit Hz′ is unbounded, thus Dγ can be arbitrary large. Moreover, the set U
does not depend of the choice of γ. Therefore the L1-norm on Diff0(S, area) is
unbounded. 
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